Given a black-box representing an unknown Boolean function f of n variables, in this paper we propose a fast quantum algorithm to test whether or not a certain variable in the function f is a junta variable. The proposed algorithm creates entanglement between the variable under test and an auxiliary qubit, where the entanglement is measured using concurrence measure to decide if the variable is junta. The paper shows applications to the proposed algorithm in learning and categorization of Boolean functions.
Introduction
Quantum computers [1, 2, 3] are powerful probabilistic computational devices which harness quantum phenomena like entanglement and superposition, to create problem solving paradigms more powerful than that of classical counterpart [4] . For instance, L. Grover introduced an optimal quantum search algorithm [5, 6] to search for an item among list of unstructured items in quadratic speedup compared to classical search algorithms. Boyer el al. later generalized Grover search algorithm [7] to search for multiple items in a list of unstructured items, also in quadratic speed-up. P. Shor presented a quantum algorithm [8] to find the prime factors of integer numbers in polynomial time.
Einstein et al. were the first to characterize entanglement [9] , and it was later discovered the potentials of such strange correlation as a useful resource for computations and information processing [10] , with crucial utilization in many applications, for instance quantum search algorithm [11, 12] with reliable behavior, satellite-based quantum key distribution [13, 14] , and quantum internet [15] . For those reasons, the need to create entanglement drives many experimental research groups to reach that goal, and recently there has been significant advances [16, 17, 18] . Still in many applications that utilize entanglement, it is necessary useful to detect such correlation and quantify it theoretically and experimentally. Many entanglement detection methods for bipartite and multipartite systems have been proposed [19, 20, 21, 22] , based on popular entanglement measures [23] , for instance, entanglement of formation, distance measurement and concurrence.
During the last two decades, the computation industry has been facing a real challenge due to the increasing amount of data [24] that needs to be handled and processed for certain purposes, and the increasing demand of the market to introduce faster computation devices that can cope up with the increasing amount of data as convenient as possible. One of the purposes for processing such data is the requirement to decide whether a given data has a certain property or not. But considering the enormous size of data, a classical algorithm testing all entries in that data for containing a certain property might not be practical or even feasible. One of the novel methods in property testing algorithms is quantum testing of classical properties, in which a quantum algorithm is utilized by harnessing quantum phenomena to introduce quantum speed-ups compared to classical property testing algorithms. The unique nature of quantum tester algorithms allows global extraction of properties and information about the input and the nature of the data itself by querying all the possible entries at the same time.
One of the important classical properties that gained attention lately in the last decade [25] is junta property testing. Let f be a function that maps a binary vector to either 0 or 1, i.e. f : {0, 1} n → {0, 1}, a junta variable x i is an input variable to the function f which the function does not depend on to perform such mapping. The junta property is considered an important typical problem, for instance, in machine learning techniques where it is vital to discriminate between relevant and irrelevant features to the learning process [26, 27] .
The first quantum k-junta ǫ-tester [28] for Boolean function and based on Fourier Sampling [29] , due to Atıcı and Servedio in 2008, used O(k/ǫ) queries to the tested function, given the number of variables k that the function depends on in advance. In addition, a quantum learning algorithm was introduced for k-junta Boolean functions to accuracy ǫ that required O(k/ǫ log k) quantum examples and O(2 k log ǫ −1 ) random examples. In 2015, Li and Yang introduced a quantum algorithm [30] based on BernsteinVazirani algorithm [29] to measure the influence of variables in Boolean functions. They also discussed other learning probabilistic quantum algorithms for quadratic and cubic functions of simple forms.
Ambainis et al. presented a quantum algorithm [31] for testing junta func-tions, which was based on an algorithm that solved the group testing problem [32] . Their quantum junta tester was found to requireÕ( k/ǫ) oracle calls. In 2017, we introduced a quantum algorithm [33] to test junta variables in Boolean functions, based on a quantum search algorithm [11] with reliable behavior. This algorithm required two oracle calls to the black-box representing the function to create a superposition with certain properties for junta variable testing. This algorithm required O( √ 2 n ) oracle calls, where n is the number of input variables to the Boolean function.
The aim of this paper is to present a quantum algorithm for testing variables in Boolean functions for the junta property. The proposed algorithm transforms the problem of testing junta property in variables to measuring entanglement between qubits, using a reliable entanglement measure. The proposed algorithm uses a quantum operator U λ that creates entanglement between the tested variable x i for the junta property and an auxiliary qubit, if and only if the tested qubit is in superposition. The proposed algorithm is further used to find variables residing with the tested variable x i in function definition, and to discriminate between constant, balanced or Boolean functions of other form.
This paper is organized as follows: Section 2 introduces the basic necessary concepts. Section 3 describes the proposed operator U λ . Section 4 will cover the proposed algorithm along with the analysis. Section 5 introduces applications of the proposed algorithm for learning Boolean functions, followed by a conclusion in Section 6.
Preliminaries

Problem Definition
One of the important classical properties that might exist in a data set is the junta property. We define the problem of finding whether a variable is relevant or irrelevant to a given Boolean function as follows: Definition 2.1. Given a data set Λ of all possible vectors of size N = 2 n , and a Boolean function f (x 0 , x 1 , · · · , x n−1 ) which is used to map each vector x ∈ Λ to either {0, 1}, it is required to find whether the variable x i in the Boolean function contributes to mapping the input x ∈ Λ to either 0 or 1.
For k input variables such that k ≤ n, we say that a Boolean function f is a k-junta function, if this Boolean function depends on at most k out of its n input variables.
For a linear Boolean function represented in positive polarity Reed-Muller [34] :
where ⊕ is the addition modulo 2 and the coefficient c i dictates whether the variable x i resides in the function definition or not, Bernstein-Vazirani algorithm [29] can be used to find the exact solution of this form of functions in O(1), from which we can identify the junta variables. In this paper, we are interested to test if a given variable is junta in a general form function [34] :
where P q : product term c q = 0 : product term does not exist 1 : product term exists . 
Measures of Entanglement
otherwise, the state |ϕ is called entangled.
Concurrence measure [35] is considered one of the most popular measures of entanglement quantification of bipartite systems, and can be defined as follows [36] :
where σ y = −ı|1 0| + ı|0 1|, such that ı = √ −1.
The Proposed Operator
Definition 3.1. Let's assume having a quantum register of n qubits and given 2 qubits indexed i and j in this quantum register. An entanglement measure device D i,j is a device which measures the entanglement between those designated qubits. This defined device can be illustrated as in Figure 1 . Our proposed operator U i λ to check whether a variable x i is a junta variable or not, will act on a given qubit indexed i and an auxiliary qubit initialized to state |1 , as depicted in Figure 2 .
A quantum circuit representing the proposed operator U λ .
The operator U λ , firstly, applies CNOT gate on x i as the control qubit and the auxiliary qubit as a target qubit, and then measures the entanglement between those qubits. It is worth noting that the entanglement will happen if and only if the tested qubit is in a superposition. For further elaboration, let's examine a system |ϕ of 2 qubits one of which is in a superposition. The system can be described as follows:
where α and β are complex numbers named the amplitudes and satisfy the relation |α| 2 + |β| 2 = 1. When we apply CNOT on the system as described earlier, the effect can be illustrated as follows:
where the second qubit is entangled with the first qubit. According to Equation (2.4) and for the given bipartite quantum state |ϕ * , the concurrence can be restated as follows [36] :
4 A Quantum Algorithm for Testing Variables for the Junta Property
The Proposed Algorithm
In this section, we propose a quantum algorithm that tests whether a variable x i is a junta variable or not, utilizing the entanglement between the tested qubit and an auxiliary qubit. The algorithm is carried quantum mechanically as follows:
1. Linearity Check. Check whether the variable x i exists in a linear term, as follows:
(a) Prepare a vector v 0 of size n initialized with the state |0 . If f (v 0 ) = 1, this will mean that the black-box U f has a constant term.
(b) Prepare a vector v 1 of size n initialized with the state |0 except for a |1 at position i.
(c) If f (v 1 ) = 0 and f (v 0 ) = 1, or f (v 1 ) = 1 and f (v 0 ) = 0, this will mean that the black-box U f has the variable x i in a linear term. The variable x i is then considered not a junta variable, and exit.
2. Register Preparation. Prepare a quantum register of n + 2 qubits. The first n qubits in the state |0 and the extra two qubits in the state |1 :
3. Register Initialization. Apply the Hadamard gate on each qubit of the first n + 1 qubits to create a uniform superposition of all the possible N states:
4. Apply the oracle U f . Applying the oracle U f will mark the solutions satisfying the Boolean function f with a phase shift:
where ′ are the states that satisfy the oracle and marked with a phase shift, and ′′ otherwise.
5. Apply Hadamard on the Register. Applying Hadamard gates on the first n + 1 qubits will put the system in a state that can be described using the language of Fourier analysis as follows:
wheref (l) is the Fourier coefficient of the quantum state |l and is defined as follows:f
and l · s = n−1 a=0 l a s a is the inner product of the binary strings l and s. 6. Apply the Operator U i λ . Ignoring the other qubits when applying the oracle U λ on the qubit indexed i and the auxiliary qubit, the subsystem ψ i 3 can be described as follows: 6) and the effect of U λ on |ψ 3 can be viewed for ψ (a) Apply the CNOT gate.
(b) Measure the entanglement between the qubit indexed i and the auxiliary qubit. If there is no entanglement measured, then the variable x i is considered a junta variable, otherwise the variable x i is not junta variable.
Analysis of the Proposed Algorithm
In this section, we discuss the proposed algorithm with the suggested operator introduced in Section 3. We will analyze the proposed algorithm assuming that the given oracle is a black-box. In [30] , Yang et al. was able to formulate an expression of the influence of the variable x i on the Boolean function f using Bernstein-Vazirani algorithm:
where ν 1 is the set of all states x ∈ Λ that satisfies the relation [30] :
and τ is a binary string of 0s except for a 1 at position i. We can say as well that
where ν 0 is the set of all states x ∈ {0, 1} n that satisfies the relation [30] :
From Equation (4.10), we have 12) and for a single qubit indexed i in a quantum system |ψ , we can state the following:
where
In case the function f is independent of the variable x i When the function f is independent from the variable x i , i.e. the variable x i is a junta variable, then the variable x i will have no influence on the function f , i.e. |ν 1 | = 0, thus the subsystem described in Equation (4.7) will be: 14) and will produce no measurable entanglement between the indicated qubits, i.e. C( ψ i 4 ) = 0.
In case the function f is dependent on the variable x i When the function f is dependent on the variable x i , i.e. x i is not junta, then the variable x i will have an influence I f (x i ) = 0 on the function f , and the subsystem in Equation (4.7) can be described as follows: 15) and will produce a measurable entanglement between the indicated qubits, and the concurrence between those qubits:
In the case that the variable x i exists in the function f but only as a linear term, the final state will be ψ i 4 = |10 with no measurable entanglement. This case can be handled by detecting whether or not the variable x i exists as a linear term in the function f , as covered in Step 1 of the proposed algorithm.
Applications of the Proposed Operator for Learning Boolean Functions
Finding Variables within the Same Terms
In [33] , we constructed an oracle U g using 2 copies of a given black-box U f , and acting on n + 1 qubits. The oracle U g is defined as follows:
An illustration of this circuit is shown in Figure 4 . Figure 4 : A quantum circuit for the constructed oracle U g [33] .
This oracle U g has a unique property: U g = I n , if and only if x i is a junta variable, where I n is the identity matrix of size 2 n × 2 n . The effect of the constructed oracle U g can be illustrated as follows. For any general Boolean function f of n input variables, the function f can be generally defined in terms of a variable x i as follows [33] :
such that f +xi are the terms which contain the variable x i , and f −xi are the terms which do not contain the variable x i . We define the function g such that
) and f as in Equation (5.2). The function g can be defined as Equation (5.2) as follows [33] : 4) such that f +xi are the terms which had the variable x i and are decomposed to lower order terms that do not have the variable x i .
In this section, we will propose an algorithm to find the variables that exist in the same terms with the variable x i , if there is any. Consider the proposed algorithm in Section 4 as a subroutine PA(Oracle U, Index p) that takes an oracle U and the index p of the desired variable for the junta test and returns true if and only if x p is junta. The steps of the proposed algorithm is carried as follows:
2. Create a set S = {}.
3. Construct the oracle U g for the variable x i .
4. Set t = 0.
5. Q = PA(U g , t).
6. If Q = true, add t to the set S.
7. If t < n, t = t + 1 and go to step 5.
Boolean Function Categorization
A balanced Boolean function is a function which outputs as many 1s as 0s over its possible input Λ, meanwhile, a constant Boolean function is such a function which always yield either 1 or 0, i.e. ∀x ∈ Λ, f : x → {0} or f : x → {1}. Deutsch and Jozsa introduced an exact quantum algorithm [37] that solved the problem of identifying whether a given black-box is a balanced Boolean function or a constant Boolean function. Given a black-box, we propose an application of the proposed procedure that can test whether that given black-box represents a constant, balanced or Boolean function of other form, using a variation of Bernstein-Vazirani algorithm. The algorithm is carried quantum mechanically as follows:
1. Register Preparation. Prepare a quantum register of n + 2 qubits and set the first n + 1 with the state |0 and the extra qubit with the state |1 .
2. Register Initialization. Apply Hadamard gates on the first n qubits to get a perfect superposition of all N states.
3. Apply the Oracle U f . Applying the oracle U f will yield a quantum system that can be generally expressed as follows:
where ′ represents the M states that satisfy the oracle U f marked with entanglement, and ′′ otherwise.
4. Apply Hadamard on the Register. Applying Hadamard gates on the first n qubits of the system will transform the system to to the following:
wheref 0 andf 1 aref
5. Apply the Operator U n λ . Applying U n λ on the quantum system, will yield a subsystem: |ψ One of the potential applications of the proposed Boolean function categorization algorithm is that it can be utilized to know the number of solutions M to any given black-box by solving Equation (5.10) for unknown M .
Conclusion
In this paper, we proposed a fast quantum algorithm that uses entanglement to test the junta property of a certain variable in a Boolean function given as a black-box. We transformed the junta variable testing to measuring entanglement between the variable being tested and an auxiliary qubit.
The algorithm creates entanglement between the tested variable and the auxiliary qubit if the variable being tested is not a junta variable. If the variable being tested is a junta variable, there will be no measurable entanglement using concurrence measure, otherwise the variable is considered not junta. To test whether a Boolean function is a k-junta function or not will require O(n) oracle calls.
The paper also introduced applications for learning any black-box that represents an unknown Boolean function regardless of its form. The first learning algorithm finds the variables in the same product terms with the variable under test using O(n) oracle calls. The second application is to categorize any given black-box representing an unknown Boolean function to either constant, balanced or a Boolean function of other form.
